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The effects of particle size and/or density on particle interaction and overall behavior
of granular flow were studied using the kinetic theory approach. The kinetic theory for
granular flow was extended to mixtures of multitype particles assuming a non-Maxwellian
velocity distribution and energy non-equipartition. Each type of particles was considered
as a separate phase with different velocity and granular temperature. The resulting
momentum equation for each particulate phase includes phase interaction arising from
collisional pressure and particle–particle drag force. When applied to simple shear
granular flow of a binary mixture, this model predicts well the energy non-equipartition
and the stresses of particulate systems with different sizes and densities. © 2005 American
Institute of Chemical Engineers AIChE J, 51: 1620–1632, 2005
Keywords: kinetic theory, particle collision, granular mixture, granular shear flow,
energy non-equipartition

Introduction

Granular flows exhibit complex behavior arising from the co-
existence of two different behaviors within the flow: solid-like and
fluid-like behaviors. Collisions of particles of different mechanical
properties and corresponding fluctuations that occur during flow
make the system more complicated. In this work, we investigate
the effect of particle mechanical properties (size, particle density)
on granular flow behavior using the kinetic theory approach.

Originally the kinetic theory was developed by Chapman
and Cowling1 for gases to predict the behavior of mass point
molecules whose interaction energies are conserved. Nearly
two decades ago, this theory was extended to particulate flow
where the interactions between particles are not conserved.
Savage and Jeffrey2 were probably the first to apply the kinetic
theory to rapidly deforming material in the form of smooth
hard spherical particles (ideal mixture). In their derivation, to
calculate the stress tensor arising from interparticle collisions,
they assumed that the collisions between particles were purely
elastic. Although in some granular flows the restitution coef-

ficient is restrained to values close to unity, its deviation from
unity results in a significant variation in the properties of
granular flow. This was shown first by Jenkins and Savage.3

They extended the kinetic theory of an idealized granular
mixture to predict the rapid deformation of granular material by
including energy dissipation during collision for nearly inelas-
tic particles. Later on, based on the original work of Savage and
Jeffrey2 and Jenkins and Savage,3 Lun et al.4 developed a
theory that predicts the simple shear flow behavior for a wide
range of restitution coefficients. Many models for granular flow
were then developed based on the kinetic theory approach.5-7

All the above-cited works assumed mixtures of identical
density and size. However, real systems are composed of
particles of different properties, in which segregation by size or
density may occur during the flow, as was shown by Arastoo-
pour et al.8 In their work, they developed a hydrodynamic
model for a mixture of gas and a multisize solid phase. They
applied it to simulate one-dimensional flow in a vertical pneu-
matic conveying line. They showed that the particle size has a
substantial effect on the pressure drop and choking velocity and
particles segregate along the vertical transport line. The exper-
iment of Savage and Sayed9 showed the stresses in a shear cell,
for a monosize mixture of polystyrene beads, were about five
times higher than those for a binary mixture.
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Jenkins and Mancini10 extended the kinetic theory of dense
gases to a binary mixture of idealized granular material for the
low dissipation case. Consequently, they assumed that the
energy dissipation in the collision is sufficiently small, such
that the deviation of the temperature of each component from
the mixture granular temperature is very small. Thus, in the
application of their model, they assumed energy equipartition.
Based on the work of Jenkins and Mancini,11 Arnarson and
Willits12,13 extended the kinetic theory to a binary mixture
using the Chapman and Enskog procedure. They solved the
Boltzmann’s equation near the steady-state equilibrium assum-
ing energy equipartition and almost equal particle mass to
calculate the transport coefficients. They found that the shear
viscosity was three times higher than that obtained using only
Maxwellian velocity distribution. In 2002 Alam et al.14 gener-
alized the model of Willits and Arnarson13 to a mixture of
particles having different mass and size. However, their model
was limited to energy non-equipartition. Zamankhan15 solved
the kinetic equation using the Grad method and assumed that
the particles fluctuate with the same energy; he concluded that
energy non-equipartition must be included in mixtures with
different particle properties. Garzó and Dufty16 showed theo-
retically that energy non-equipartition was violated for inelastic
collisions of particles of different mechanical properties. This
was experimentally confirmed by Wildman and Parker17 and
Feitosa and Menon.18 Their experimental results showed the
coexistence of two granular temperatures when the binary
mixture was exposed to external vibrations. Huilin et al.19,20

used the work of Manger21 to develop a model for two-size
particles with different granular temperatures; however, in the
approach they used—by taking the arithmetic average of the
particles’ properties in the collisional operator—the momen-
tum source vanishes. Thus, they had to include an additional
momentum source in their governing equations without clear
explanation. Furthermore, their integration of the constitutive
equations was inappropriate, thus making their model limited
to only the energy equipartition case. This is evident from their
results of frequency of collisions (Nik � Nki), and the nonsym-
metrical expression of the collisional pressure tensor.

Recently, Garzó and Dufty22 solved the kinetic equation for
systems away from equilibrium; thus, their model could cap-
ture not only the energy non-equipartition, but also the flow
behavior for a broader range of restitution coefficients. How-
ever, their model is restricted to dilute systems, where the
radial distribution function was close to unity.

In this work, the kinetic theory is extended to a multitype
(size and/or density) mixture, assuming a non-Maxwellian ve-
locity distribution and energy non-equipatition. Each group
type is represented by a phase, with an average velocity and a
fluctuating energy or granular temperature. Unlike previously
cited publications, where the fluctuations of the flow variables
are about the mixture average, we assumed that each type of
particles was considered by a phase, which means that the
interaction between the phases is at the interface. In our ap-
proach, the deviation from the Maxwellian velocity distribution
is in each individual particulate phase. In this case Maxwellian
velocity distribution was assumed at the interface. This also
resulted in manageable equations and made the mathematical
derivation of the model possible. Then we solved the Boltz-
mann’s equation for each particulate phase using the Chap-

man–Enskog procedure by adding a perturbation to the Max-
wellian velocity distribution function.1,23

Herein we begin by developing a model that represents a
multiphase mixture consisting of particles of different sizes and
densities interacting through collisions.

Our model was applied to simulate a simple shear flow and
compared to the theory of Jenkins and Mancini10 with non-
equipartition assumption, as well as to the molecular dynamics
(MD) simulation of Galvin et al.24

Model Development

The present model was obtained by considering a mixture of
N solid phases (N is the number of solid phases); each phase is
composed of smooth inelastic hard spheres. The assumption of
hard spheres suggests that the collisions are almost instanta-
neous, so that binary collisions may safely be assumed. Each
particulate phase i contains particles of mass mi and diameter di

that collide with each other in phase i. The collisions between
particle i and other particles of different phases occur at the
interface between phase i and other particulate phases. Each
particle in phase i moving with instantaneous velocity c� i is
subject to an external force F� iext. At any time t the probable
number of particles per unit of volume dr�, with velocity
varying between c� i and c� i � dc� i, is the product of the single
velocity distribution function fi

1(c� , r�, t) and the variation of the
velocity dc� i

ni�r�, t� � � fi
1�c� i, r�, t�dc� i (1)

Thus, the mean value of any property of phase i, �i(c� i), is
defined as

��i� �
1

ni
� �i�c� i� fi

1�c� i, r�, t�dc� i (2)

The rate of change of the mean value of any property �i in
a fixed element of volume dr� is attributed to the effect of the
external force, the collisional rate of production (arising from
all possible collisions with all the particles in the mixture), and
the net influx of the property �i. In this context, the equation of
change for the particle property of phase i may be expressed as

�
p�1

N

���ci��p� �
�

�t
�ni��i�� � � � �ni��ic� i�� �

ni

mi
�F� iext �

��i

�c� i
�
(3)

where ¥p�1
N (�ci) � p is defined as the difference between the

postcollisional and the precollisional properties of particle i
arising from all possible collisions with all the particles in the
mixture. The collision of particle i with other particles in the
same phase results in the constitutive relation for each phase,
and the interaction of phase i with other phases results in
interfacial forces between particulate phases. The average of
¥p�1

N (�ci) � p is defined as
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�
p�1

N

���ci��p� � �
p�1

N

��	i � �i��p � �
p�1

N ���
��	i � �i� fip

2 �r�i, c� i; r�p, c�p�dip
2 �c� ip � k� ip�dk� ipdc� idc�p (4)

For impending collisions, the integrals in Eq. 4 must be carried
out only for values of c� ip � k� ip 
 0.

The complete pair distribution function fip
2 � fip

2(c� i, r�i; c�p,
r�p) is defined as the probability of finding, at time t, two
particles i and p such that they are centered on r�i and r�p and
having velocities within the range c� i, c� i � dc� i and c�p, c�p �
dc�p.

Following Jenkins and Savage,3 the assumption of chaos
along with the consideration of the correlation function allows
us to write the pair distribution function as the product of the
single velocity distributions, fi

1and fp
1, weighted by the spatial

pair-distribution function at contact, gip(�i, �p)

fip
2 �c� i, r� �

dip

2
k�; c�p, r� �

dip

2 �
� gip��i, �p� � fi

1�c� i, r� �
dip

2
k�� � fp

1�c�p, r� �
dip

2 � (5)

where c� ip � c� i � c�p is the relative instantaneous velocity and
dip � (di � dp)/2.

k� ip is the unit vector connecting the centers of the two
particles, located at r�i and r�p, respectively, and directed from i
to p. In the remaining text, we consider k� ip � k� .

The collisional rate of production per unit of volume,
¥p�1

N (��i � �i�) � p, was evaluated by Jenkins and Mancini10 as
a sum of a symmetric (�cip) and antisymmetric (�cip) terms

�
p�1

N

��	i � �i��p � �
p�1

N

��� � �cip � �cip� (6)

where

�cip � �
dip

3

2 ��� ��	i � �i� fip
2 �c�i, r� �

dip

2
k�; c�p, r� �

dip

2 �
	 k��c�ip � k��dk�dc�idc�p (7)

�cip � dip
2 ��� ��	i � �i� fip

2 �c� i, r� �
dip

2
k�; c�p, r� �

dip

2 �
	 �c� ip � k��dk�dc� idc�p (8)

Here �cip and �cip are the collisional fluxes and sources, re-
spectively.

Substituting Eqs. 7 and 8 into the equation of change (Eq. 4)
the continuity, momentum, and fluctuating energy equations
were obtained for �i equal to mi, mic� i, and 1/2(miCi

2), respec-
tively.

Continuity equation

The continuity equation for the solid phase i may be written
as

��i
i

�t
� � � ��i
iv� i� � 0 (9)

where �i
i � nimi is the phase i density, �i is its solid volume
fraction, and 
i is its material density. Here v� i � �c� i� is the
mean velocity of the particle i. The instantaneous velocity c� i is
defined as the sum of the average velocity v� i and peculiar
velocity C� i: c� i � v� i � C� i with �C� i� � 0.

Momentum equation
The momentum equation for phase i may be expressed as

�i
i

D

Dt
�v� i� � � � � �

p�1

N

P� cip � P� ki� �
�i
i

mi
F� iext � �

p�1

N

F� Dip

(10)

where the material derivative is

D

Dt
� � (11)

the kinetic pressure tensor is

P� ki � 
i�i�C� iC� i� (12)

the collisional pressure tensor is

P� cip � �cip�mic� i� (13)

and the collisional momentum source is

F� Dip � �cip�mic� i� (14)

Fluctuating energy equation
The fluctuating energy equation for solid phase i may be
expressed as

3

2

�i
i

mi

D�i

Dt
� � � �q� ki � �

p�1

N

q� cip� � �P� ki � �
p�1

N

P� cip� : �v� i

� �
p�1

N

�Nip � v� i � F� Dip� (15)

where

�i �
1

3
mi�C� i � C� i� (16)
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where �i is the granular temperature or the fluctuating granular
energy of the solid phase i. The kinetic heat flux is

q� ki � 
i�i�C� iCi
2� (17)

the collisional energy flux is

q� cip � �cip�mici
2� (18)

and the collisional energy dissipation is

Nip � �cip�mici
2� (19)

In the above governing equations, the relevant variables de-
scribing the flow field are the average velocities, the solid
volume fractions, and the granular temperatures evaluated at
location r� of the center of the particle at time t.

Kinetic equation

The kinetic equation that characterizes the flow of mul-
tiphase system are is follows

� �

�t
� c� � � �

F� iext

mi
� �c�� fi

1 � �
p�1

N dip
2

4 ��
� gip�r�, r� � k�dip/ 2� fi

1�c� i1, r�, t� fi
1�c� i2, r� � k�dip/ 2, t�

� gip�r�, r� � k�dip/ 2� fp
1�c�p1, r�, t� fp

1�c�p2, r� � k�dip/ 2, t�


	 �c� ip � k��dc�pdk� (20)

where gip(r�) is the spatial pair-distribution function when the
particles i and p are in contact. A solution of Eq. 20 near the
equilibrium was obtained using the Chapman–Enskog method1,23

fi
1 � fi

0�1 � �i� (21)

where fi
0 is the Maxwellian velocity distribution

fi
0 � ni� mi

2
�i
� 3/ 2

exp��
miCi

2

2�i
	 (22)

where �i, a perturbation to the Maxwellian velocity distribu-
tion, is a linear function of the first derivative of ni, �i, and v� i.
Note that �i is function of the phase mean velocity v� i, and not
the total flow velocity because, as mentioned earlier in the
introduction, each kind of particles is treated as a separate
phase and the interaction is at the interface.

The objective of this work is to describe the hydrodynamic
behavior of a dense granular mixture where energy non-equi-
partition is taken into account. We assumed that each type of
particles is a phase, the interaction between the phases is at the
interface, and the deviation from the Maxwellian velocity dis-
tribution is in each individual particulate phase. As will be
shown in the next section, our theoretical results agreed qual-
itatively well with the available experimental results and quan-
titatively with the MD simulation.

In a similar analysis, Willits and Arnarson13 solved the

Boltzmann’s equation based on the Maxwellian reference state
and the revised Enskog equation. Although the range of appli-
cability of the present effort and the work of Willits and
Arnarson is the same, the major differences between the two
studies are non-equipartition and unequal particle size proper-
ties considered in our model. Willits and Arnarson assumed a
multicomponent mixture where all the particles fluctuate about
the same mass average velocity and having the same granular
temperature. In our work, we considered a multiphase granular
flow where each phase is represented by particles having sep-
arate properties, velocities, and granular temperatures.

Let us turn our attention, for a while, to the function gip(�i,
�p) that describes a multisize mixture of hard spheres at con-
tact. Lebowitz25 proposed a function that is the generalization
of the Percus–Yevick equation for a mixture of hard spheres.
This function was determined theoretically for a fluid of an
N-component mixture. It takes into account two effects: a
direct effect of particle i on particle p, and an indirect effect in
which particle i influences all other particles. Following is the
Lebowitz expression for gip(�i, �p).

gip��i, �p� �
�dpgii��i, �p� � digpp��i, �p�


2dip
(23)

where

gii��i, �p� �
1

1 � �i � �p
�

3di

2�1 � �i � �p�
2 �

p�1

N
�p

dp
(24)

At high solid volume fraction, the radial distribution function
proposed by Lebowitz diverges from the Alder and Wain-
wright26 MD simulation results. The MD simulation results
show a reasonable limiting value for the radial distribution
when � approaches the single-phase maximum packing, �max.
We believe the results from MD simulation are more general;
therefore we modified the Lebowitz radial distribution function
such that it agrees with the results from the Alder and Wain-
wright MD simulation at both lower and higher solid volume
fractions. The proposed function, which is used in our calcu-
lations, may be written as

gii��i, �p� �
1

�1 � ��i � �p�/�max

�

3di

2 �
p�1

N
�p

dp
(25)

The expression of gpp(�i, �p) is obtained by simply interchang-
ing the indices i and p.

Figure 1 shows a good agreement between the proposed
radial distribution functions and the Alder and Wainwright MD
simulation results.

The constitutive relations for kinetic and collisional pres-
sures, heat fluxes, collisional momentum, and energy dissipa-
tion are derived and shown in the Appendix.

Before applying our model along with the constitutive rela-
tions to any flow system, we should identify the number of
terms in the expressions of R0 to R10 needed to accurately
predict the flow behavior. We used Wildman and Parker17

granular energy data for a binary mixture in vibrofluidized bed.
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Table 1 shows that first and second terms in the expressions of
R0 to R10 are not negligible; however, the third and higher-
order terms are significantly lower than the first two terms.
Therefore, only two terms in the cited expressions were con-
sidered.

Numerical Simulation of Simple Shear Flow

A binary solid mixture (1 and 2) with the same density and
normal restitution coefficient was sheared between two infinite
parallel plates set to move with relative velocities �V0/2. The
motion of the granular mixture was only in the x-direction and
was considered fully developed so that all the flow parameters
are a function of y. In this study x and y are the axes parallel and
perpendicular to the plates, respectively, as shown in Figure 2.
In this example, we are interested in the steady-state regime,
where the thermal equilibrium may be reached when the vis-
cous effect arising from continuous shearing is balanced by the
dissipation resulting from collisions.

Simple shear flow is characterized by a linear profile of the
velocity field (the shear rate dv/dy is constant). In this situation
the external forces are neglected and the particles in the mix-

ture move with the same center of mass average velocity, v� .
This means that the granular temperatures, solid volume frac-
tions, and gradient of the velocities are all uniform throughout
the flow zone. Therefore, energy equations for phases 1 and 2
reduce to the following nonlinear algebraic equations:

���11 �
�12

2 � 1

�1
�

1

�2
�	�dv

dy�
2

� N11 � N12 (26)

���22 �
�12

2 � 1

�1
�

1

�2
�	�dv

dy�
2

� N22 � N21 (27)

where

�11 � 
 5

16d1
2g11

�1 �
4

5
�1 � e� g11�1	 2

�
4d1�1 � e��1

2
g11

5m1
� �m1�1



(28)

�22 � 
 5

16d2
2g22

�1 �
4

5
�1 � e� g22�2	 2

�
4d2�1 � e��2

2
g22

5m2
� �m2�2



(29)

�12 �
�


48
d12

4 g12

m2m1

m0
2 �m1m2

�1�2
� 3/ 2

�1 � e�
2�2�1

1

5
R1 (30)

Nip �
3

4
dip

2 �e � 1� gip�i�p�mimp

�i�p
� 3/ 2 �


m0

	 
Bip � R5 � �e � 1�
mp

m0

1

6
� R1� (31)

N12, N11, and N22 were obtained from Eq. 31.
The granular mixture normal and shear stresses are

�T � �
i�1

2 �
p�1

2

��ip � �ii�
dv
d y

(32)

Figure 1. Comparison of the proposed radial distribution
function (diamonds) for a monodisperse par-
ticulate phase with the radial distribution func-
tion of Lebowitz25 (triangles) and the molecular
dynamics (MD) simulation results of Alder and
Wainwright26 (squares).

Table 1. Comparison between Terms of the Series in the
Constitutive Equations*

Term 1 Term 1 � Term 2 Term 1 � Term 2 � Term 3

R0 5.68e-01 6.02e-01 6.05e-01
R1 1.89e-01 2.33e-01 2.37e-01
R2 8.63e-02 9.96e-02 1.00e�1

R3 1.98e-01 2.52e-01 2.52e-01
R4 5.43e-02 7.87e-02 8.07e-02
R5 5.18e-02 5.85e-02 5.90e-02
R6 1.42e-02 1.68e-02 1.70e-02
R7 8.53e-02 9.99e-02 1.00e�1

R8 1.04e-01 1.36e-01 1.36e-01
R9 5.18e-02 7.19e-02 7.43e-02
R10 4.95e-02 6.54e-02 6.71e-02

*Data taken from Wildman and Parker17: material was balotini glass beads.
d1 � 5 mm, d2 � 4 mm, e � 0.91, �1/�2 � 1.41, and �1/�2 � 3.7.

Figure 2. Simple shear flow of a binary mixture.
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�N � �
i�1

2 �
p�1

2 ��ip �
�i
i

mi
�i� (33)

with

�ip �
�ip

2 � 1

�i
�

1

�p
� (34)

and

�ip �
dip

3 


48
gip

1

m� 0
�mimp

�i�p
� 3/ 2

�i�p
p
i�1 �
e

m� � R0 (35)

where R0 is defined in the Appendix.
The system of Eqs. 26 and 27 was solved numerically for �1

and �2, for the same flow parameters used by Galvin et al.24

The large particle mass m1 is 1. The ratio of the plate spacing
to the large particle diameter H/d1 is 4.45 or 8.9, depending on
the total solid volume fraction and the solid volume fraction
ratio. The ratio of H/d1 was chosen in the MD simulation to
avoid cluster formation.24,27-29 Furthermore, the shear rate was
set to a constant value of V0/H � � � 1.0

Results and Discussion

The calculated granular energies and the stresses for differ-
ent diameter ratios using our model were compared with the
Jenkins and Mancini10 theoretical results and MD simulation
results of Galvin et al.24 To analyze the effect of the elasticity
and the concentration ratio on the granular energies, Eqs. 26
and 27 were solved simultaneously for two different volume
fraction ratios �1/�2 � 0.5 and 1, with restitution coefficients
ranging from 0.99 to 0.8, and particle diameter ratios ranging
from 1 to 4. The diameter of particle 1 (large particle) was kept
constant and the diameter of particle 2 (small particle) was
variable.

Figure 3 shows the variation of the fluctuating energy ratio
with the particle size ratio at different restitution coefficients
for �1/�2 � 0.5. Our model predicts well the non-equipartition
of energy of the two interacting particles for inelastic colli-
sions. As observed by several investigations in the litera-
ture,29,30 the fluctuating granular energy of the large particles
increases relative to that of the small particles with an increase
in large to small diameter ratio.

In the range of parameters investigated, equipartition was
observed in two cases; first, when the restitution coefficient is

0.99 and, second, when the two particles have the same
mechanical properties (
1 � 
2 and d1 � d2). We noticed that
the restitution coefficient is the most important parameter re-
sponsible for non-equipartition. The effect of restitution coef-
ficient on the deviation of granular temperature of two particles
from each other is enhanced by the size disparity. For example,
for e � 0.99, the ratio �1/�2 increases very slowly with the size
ratio; however, for e � 0.8, a strong increase was observed for
higher particle diameter ratios. Our results also showed the
condition upon which the equipartition of energy assumption
could be reasonable, which is for a diameter ratio � 2 and
restitution coefficient of 
0.95. Our calculation also showed
that smaller particles dissipate more energy when interacting
with larger particles through inelastic collisions. This behavior
is more pronounced when the size ratio increases and the
restitution coefficient decreases.

Figure 4 exhibits the variation of the fluctuating energy ratio
with the particle size ratio at different restitution coefficients
for �1/�2 � 1. Similar to Figure 3, the fluctuating energy ratio
increases with the diameter ratio and decreases with the resti-
tution coefficient. In the range of the parameters studied, Fig-
ures 3 and 4 show that the fluctuating energy ratio is weakly

Figure 3. Variation of the granular energy ratio with the
diameter ratio for different restitution coeffi-
cients.

1/
2 � 1, �T � 0.5, and �1/�2 � 0.5. The subscripts 1 and 2
denote large and small particles, respectively.

Table 2. Dependency of the Granular Temperature Ratio on
the Composition, for a Restitution Coefficient of 0.8,

d1/d2 � 2, �1/�2 � 1, and �T � 0.5

�1/�2 0.5 1 2
�1/�2 1.510 1.482 1.450

Figure 4. Variation of the granular energy ratio with the
diameter ratio for different restitution coeffi-
cients.

1/
2 � 1, �T � 0.5, and �1/�2 � 1.
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dependent on the concentration ratio of two particulate phases.
For example, at e � 0.8 and diameter ratio of 2, the granular
energy ratio changes very sensitively with the composition
(�1/�2) (see Table 2). This observation is also consistent with
the experiment of Feitosa and Menon18 that showed that the
granular temperature ratio is insensitive to the composition.

Our model was also applied to a mixture of equal mass and
two different size particles (size ratio varying from 1 to 4), for
e � 0.8, which showed that the granular energy ratio �1/�2 of
the two phases varied by about 8% between d1/d2 � 1 and d1/d2

� 4, as shown in Table 3. This result is in good qualitative
agreement with the experimental results of Feitosa and Me-
non18 that showed that energy non-equipartition prevailed
when the mass ratio is significantly greater than one; this
behavior is the same as that in our model prediction.

Figures 5 and 6 show the comparison between our calculated
fluctuating energy ratio as a function of the diameter ratio with
the MD simulation and the theoretical results of Jenkins and
Mancini,10 at �T � 0.3, �1/�2 � 0.5, and two restitution coef-
ficients of 0.8 and 0.95, respectively. The results given by our
model compared very well with the MD simulation results than
with those of Jenkins and Mancini.10 The deviation of the
Jenkins and Mancini theory from the MD simulation and our
results is more pronounced for low restitution coefficients and
high diameter ratios. At a diameter ratio � 1.5, both theories
exhibit good agreement with the MD simulation results, but
beyond this ratio, more deviation was observed.

Figures 7 and 8 are similar to Figures 5 and 6, but for �T �
0.5 and �1/�2 � 0.5. Again, the results given by our model
compared better with the MD simulation results of Galvin et

al.24 than with those of Jenkins and Mancini.10 However, we
notice that at this total solid volume fraction (�T � 0.5), our
model underpredicts the energy non-equipartition obtained by
the MD simulation.

The deviation of the Jenkins and Mancini theory from the
MD simulation results is expected because they assumed that
the deviation of the fluctuating energy of each particle from the
mean is infinitesimal. In the context of the kinetic theory, the
only existing models that account for non-equipartition in the
limit of the Maxwellian velocity distribution were developed
by Jenkins and Mancini10 and Huilin et al.19,20 Comparison of
our model with the Jenkins and Mancini model showed that our
calculated values were in better agreement with the results of
the MD simulation. Comparison with the Huilin et al.19,20

model could not be made because, in their model, the infor-
mation on how the kinetic energy is distributed between the
two colliding particles cannot be calculated. Furthermore, in

Table 3. Dependency of the Granular Temperature Ratio on
the Size Ratio, for a Restitution Coefficient of 0.8, �1/�2 � 1,

m1/m2 � 1, and �T � 0.3

d1/d2 1 2 4
�1/�2 1.000 1.061 1.081

Figure 5. Variation of the granular energy ratio with the
diameter ratio for e � 0.8, �1/�2 � 1, �T � 0.3,
and �1/�2 � 0.5.
Comparison of our theory (solid line) with the theory of
Jenkins and Mancini10 (dashed line) and the MD simulation
results of Galvin et al.24 (diamonds).

Figure 6. Variation of the granular energy ratio with the
diameter ratio for e � 0.95, �1/�2 � 1, �T � 0.3,
and �1/�2 � 0.5.
Comparison of our theory (solid line) with the theory of
Jenkins and Mancini10 (dashed line) and the MD simulation
results of Galvin et al.24 (diamonds).

Figure 7. Variation of the granular energy ratio with the
diameter ratio for e � 0.8, �T � 0.5, and �1/�2 �
0.5.
Comparison of our theory (solid line) with the theory of
Jenkins and Mancini10 (dashed line) and the MD simulation
results of Galvin et al.24 (squares).
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the case of simple shear flow, we noticed that the expression of
energy dissipation using the Huilin et al.19,20 study results in the
same values for the two colliding particles regardless of their
properties.

Figure 9 shows that the mixture granular energy [�m � (n1�1

� n2�2)/(n1 � n2)] decreases with increasing the diameter ratio
for �T � 0.3, �1/�2 � 0.5, and e � 0.95. This behavior was
expected, at constant composition: increasing the diameter
ratio is equivalent to increasing the number of smaller particles
in the system, thus lowering their fluctuations. This is ex-
plained by the increase in the frequency of the collisions with
the increase in the number of particles in the system and, thus,
damping the fluctuations of the particulate phase as a whole.
Comparison between the present theory and the simulation
shows a good quantitative agreement.

Figure 10 shows the variation of the dimensionless normal
and shear stresses with the diameter ratio, for a mixture of
particles of equal density and composition. Our results clearly
showed that the normal and shear stresses decrease with an
increase in the particle size ratio in a binary mixture; in other

words, our model predicts the maximum normal and shear
stresses for monosize larger particles. This behavior was also
confirmed by the experiment of Savage and Sayed9 that indi-
cated that the stresses in a binary mixture (same density,
different sizes) were about five times lower than those for a
monosize mixture. We also compared the normal and shear
stresses with the MD simulation results of Galvin et al.24 when
Maxwellian and non-Maxwellian velocity distributions were
assumed. Our model shows a good agreement with the MD
simulation for non-Maxwellian velocity distribution. However,
the normal and shear stresses were underpredicted when as-
suming Maxwellian velocity distribution.

Figure 11 depicts the variation of the dimensionless normal
and shear stresses with density ratio varying between 0.1 and
0.75, in the case of d1/d2 � 1.5, �T � 0.3, �1/�2 � 1, and e �
0.95. The granular flow shows less resistance to the shearing
motion when the density of larger particle increases.

Conclusion

A model based on the kinetic theory of mixture of hard and
smooth spherical particles was developed to predict the behav-

Figure 8. Variation of the granular energy ratio with the
diameter ratio for e � 0.95, �T � 0.5, and �1/
�2 � 0.5.
Comparison of our theory (solid line) with the theory of
Jenkins and Mancini10 (dashed line) and the MD simulation
results of Galvin et al.24 (squares).

Figure 9. Variation of the granular energy ratio with the
diameter ratio for e � 0.95, �1/�2 � 1, �T � 0.3,
and �1/�2 � 0.5.
Comparison of our theory (solid line) with the MD simulation
results of Galvin et al.24 (diamonds).

Figure 10. Variation of the dimensionless stresses with
the diameter ratio for e � 0.95, �T � 0.3, and
�1/�2 � 0.5.
Comparison of our theory (lines) with the MD simulation
results of Galvin et al.24 (symbols).

Figure 11. Variation of the dimensionless stresses with
the particle density ratio for e � 0.95, �T � 0.3,
�1/�2 � 1, and d1/d2 � 1.5.
Comparison of our theory (lines) with the MD simulation
results of Galvin et al.24 (symbols).
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ior of multitype particle flow systems. In the range of param-
eters studied this model showed that the assumption of uniform
equilibrium at the interface is reasonable and results in signif-
icant reduction in complexity of the mathematical derivation of
the model.

Our proposed radial distribution function at contact, based
on the modification of Lebowitz25 for a mixture of hard and
smooth spherical particles, predicts values at a broad range of
solid volume fractions.

Our model was applied to a simple shear flow of a binary
mixture. Our calculated values showed that for 
1/
2 � 1 the
variation of the granular energy ratio of two particulate phases
depends on both the diameter ratio and the inelasticity of the
particles. This observation is similar to the computer simula-
tion results in the literature.

In the range of parameters investigated, our calculated fluc-
tuating energy ratio and the stresses of the particulate phases as
a function of the diameter ratio and density ratio agreed well
with the molecular dynamic simulation of Galvin et al.24 Our
calculated values also compared qualitatively well with the
experimental data of Savage and Sayed,9 Feitosa and Menon,18

and simulations of Alam and Luding.30 In general our model
for multitype particles with non-Maxwellian velocity distribu-
tion function and energy non-equipartition assumptions
showed that it is capable of describing not only granular simple
shear but also, in principle, more complex reacting flow sys-
tems.
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Notation

(In the following, the subscript s can be either i or p.)

c�s � instantaneous particle velocity
C� s � peculiar particle velocity
ds � diameter of the particle

dip � (di � dp)/2 � average diameter of particles i and p
eip � restitution coefficient

F� Dip � momentum source (drag between solid phases)
fs

0 � Maxwellian velocity distribution function
fs

1 � single velocity distribution function
fip

2 � pair velocity distribution function
gip � radial distribution function at contact between par-

ticles i and p
gss � radial distribution function at contact between par-

ticles of the same phase
H � gap between the two plates
I� � identity tensor

k� � k� ip � unit vector connecting the centers of the two parti-
cles

ms � mass of the particle of phase s
m0 � mi � mp � total mass of two colliding particles

ns � number density of phase s
Nip � energy dissipation
P� c � collisional pressure tensor
P� k � kinetic pressure tensor
q� c � collisional flux
q� k � kinetic flux
v� � center of mass mean velocity

v�s � mean velocity of phase s
V� 0 � velocity of the plates

Greek letters

�ip � collisional flux
�s � solid volume fraction of phase s
�T � total solid volume fraction
�s � perturbation to Maxwellian distribution function
� � shear rate

�ip � collisional source
�ss � granular viscosity of phase s
�ip � mixture granular viscosity

s � solid density of phase s
�s � fluctuating granular energy

�m � mixture fluctuating granular energy
�N � mixture normal stress
�t � mixture shear stress
�s � property of particle

Subscripts

1 � large
2 � small
T � total
s � phase s (may be i or p)
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Appendix

Expanding the functions in Eq. 20 in Taylor series about r�,
and neglecting all terms involving derivative of order higher
than the first and product of derivative, Eq. 20 can be rewritten
as

��
p�1

N

ninpI��ip� � �Dfi�
0 � �

p�1

N

J� f i
0, f p

0� (A1)

where I is the integral operator1,23:

I��ip� �
1

ninp
��� gip��i � �p � �	i � �	p�

	 fi
0fp

0dip
2 �C� ip � k��dk�dc� idc�p (A2)

�Dfi�
0 � fi

0� �

�t
� c� i�r �

F� iext

mi
�c� ln fi

0 (A3)

and

J� fi
0fp

0� � dip
3 �� gipfi

0fp
0k� � � ln� f i

0f p
0gip��C� ip � k��dk�dc�i (A4)

To solve the first-order approximation (Eq. 20), we must first
solve the zeroth-order approximation.

(1) Zeroth-order approximation to fi
1

At this order the single velocity distribution function is
Maxwellian

fip
02�c� i, r� �

dip

2
k�; c�p, r� �

dip

2 �
� gip��i, �p� � fi

0�c� i, r� �
dip

2
k�� � fp

0�c�p, r� �
dip

2 � (A5)

To determine the constitutive relations, the complete pair
distribution function (Eq. A5) was expanded in a Taylor series
about r� � (dip/2)k� for fi

0[c� i, r� � (dip/2)k�] and r� � (dip/2)k� for
fp

0[c�p, r� � (dip/2)k�]. Considering only the first-order terms, fip
0

may be expressed as

fip
02 � fip

02�c� i, r� �
dip

2
k�; c�p, r� �

dip

2 �
� gip� fi

0fp
0 �

1

2
dipk�fi

0fp
0 � � ln

f p
0

f i
0� (A6)

where fi
0 � fi

0(c� i, r�) and fp
0 � fp

0(c�p, r�).
Equation A6 was rewritten in terms of the relative velocities

C� ip � C� i � C� p and V� ip � G� � v� i � (mp/m0)v� ip as follows:

fip
02 � gipninp� mimp

4
�i�p
�3/ 2

	 exp���mi
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m0
C� ip�2

�
3
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1

2 �mi

�i
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mp

m0
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�
3

�i
���i � �mp
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mi

m0
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mi

�i
� � v�i�V� ip �

mp

m0
C� ip��	� (A7)

where G� � c� i � (mp/m0)c� ip is the center of mass velocity, v� ip

� v� i � v�p is the relative mean velocity, and m0 � mi � mp is
the total mass of the two colliding particles.

The expanded expression A6 was used to calculate colli-
sional fluxes [�cip(mic� i), �cip(mic� i

2)] and sources [�cip(mic� i),
�cip(mic� i

2)]. In this calculation, we assumed that the average
particle velocity was unaffected by collision and that the square
of the relative average velocity was negligible.

Because there is no closed form for the integrals involved
in this derivation, integrals were expanded in the Taylor
series as done by Manger.21 The collisional pressure tensor,
particulate phase momentum interaction, energy dissipation,
and collisional heat flux were carried out and expressed as
follows:

Zeroth-Order Particulate Phase Collisional and Kinetic
Pressure Tensor
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Zeroth-Order Collisional Heat Flux
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where eip is the normal restitution coefficient between particles
i and p:

Aip �
mi�p � mp�i
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where the superscript T indicates the transpose and I� is the
identity tensor.

First-order approximation to fi
1

In this work, we are trying to give a general theory that
accounts for both energy non-equipartition and non-Max-
wellian velocity distribution. As mentioned in the introduction,
the interaction between the phases is at the interface. To
develop a system of equations that is manageable to derive, we
assumed the deviation from Maxwellian velocity distribution is
in each phase and at the interface the velocity distribution
function is Maxwellian or zeroth order.

For each individual phase i, Eq. A1 may be written as
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and

J1� f 0, f 0� � �4�if
0 	 
gii�2C� i � � ln ni �

�1 � ei�
2

4

�3miCi
2

10�i
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�
3�1 � ei�

2 �miCi
2

5�i
� 1�� � v�i	 � C� i � �gii� (A28)

After inserting the expression of each term in the right-hand
side of Eq. A26, we obtain

�ni
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2gii�i	�miCi
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Ci
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� 2�1 � ei�gii�iC� i � � ln �i

� 2�1 � �ei
2 � 1�gii�i�miCi

2

2�i
�

5

2�	C� i � � � v�i

� 4�1 � ei�gii�iC� i � � ln ni � 2�1 � ei��iC� i � �gii� (A29)

where �i is a sum of a linear combination of the components of
� ln �i, �v� , and the scalar solution. Equating terms of the same
tensorial order in Eq. A29, �i may be written as

�i � �
1

nigii
�Fi � � ln �i � Gi : �v�i � Hi� � vi

� �i1 � �� i2 � mi � �i3mi� (A30)

Fi � � mi

2�i
� 1/ 2

C� i �
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q

fi,lS3/ 2
l �miCi

2

2�i
� (A31)

Gi � � mi
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��C� iC� i �

1

3
Ci

2I�� �
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gi,lS5/ 2
l �miCi

2

2�i
� (A32)

Hi � �
l�0

q�1

hi,lS0
l�miCi

2

2�i
� (A33)

with

Sk
q� x� � �

j�0

q
��k � q � 1�

�q � j�!j!��k � j�
��x�j (A34)

�i1, �i2, and �i3 are functions of r and t.
Following Chapman and Cowling,1 �i1, �i2, and �i3 were

chosen to satisfy

� �ifi
0�idc� i � 0 (A35)

where �i is the property of any particle of phase i (that is, �i

may be mass, momentum, or energy).
It was found that the coefficients that satisfy Eq. A35 are
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�i1 � �i2 � �i3 � 0 (A36)

fi,0 � 8di�i� 
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2gii�i	
gii (A37)

gi,0 � 8di�i� 
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�1 �

4

5
�1 � ei� gii�i	
gii (A38)

hi,0 � 0 (A39)

Note that in the series Eqs. A31–A33 we retained only one
term (q � 1, in the Sonine approximation).

Thus the expressions for the pressures and heat fluxes were
obtained and can be written as follows:

First-Order Kinetic and Collisional Pressure Tensors
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Pcii
1 � �

5

8di
2 �1 �

4

5
�1 � ei�gii�i	 4�1 � e��i

5 �mi�i



�̇sv�i

(A41)

First-Order Kinetic and Collisional Heat Fluxes
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